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Based on the Ginsparg-Wilson relation, a gauge invariant formulation of electroweak SU(2)×U(1) gauge theory
on the lattice is considered. If the hypercharge gauge coupling is turned off in the vacuum sector of the U(1) gauge
fields, the theory consists of four left-handed SU(2) doublets and it is possible, as in vector-like theories, to make
the fermion measure defined globally in all topological sectors of SU(2). We then try to incorporate U(1) gauge
field, following Lu¨scher’s reconstruction theorem. The global integrability condition is proved for “gauge loops”
in the space of the U(1) gauge fields with arbitrary SU(2) gauge field fixed in the background. For “non-gauge
loops”, however, the proof is given so far only for the classical SU(2) instanton backgrounds.
1. An approach to electroweak theory
Recently, gauge-covariant and local lattice
Dirac operators satisfying the Ginsparg-Wilson
relation[1] has been constructed[2–4], and this
opens the possibility to formulate chiral gauge
theories on the lattice with exact gauge invari-
ance. Indeed, Lu¨scher has given a constructive
proof of the existence of Weyl fermion measure
in anomaly-free abelian chiral gauge theories [5].
The same author has also examined the construc-
tion of generic non-abelian chiral gauge theories
and has formulated the reconstruction theorem
for the fermion measure [6]. The purpose of this
article is to examine the possible extension of the
construction to electroweak SU(2)×U(1) gauge
theory.
Electroweak theory is the chiral gauge theory of
left-handed leptons and quarks in SU(2) doublet
and right-handed quarks in SU(2) singlet. Taking
into account of the color degrees of freedom, there
are four doublets in each generation. In order
to construct this theory on the lattice, we adopt
the definition of lattice Weyl fermion based on
Ginsparg-Wilson Dirac operator [7–9,5]:
γ5D +Dγˆ5 = 0, γˆ5 ≡ γ5(1 − aD), (1)
ψL(x) = Pˆ−ψL(x), Pˆ− = (1− γˆ5)/2. (2)
The projection for ψ¯ is defined as usual with γ5.
Gauge fields are given by link variables U(x, µ) =
U (2)(x, µ) ⊗ U (1)(x, µ). We assume the lattice to
be finite with periodic boundary conditions in all
directions. We require that U(1) and SU(2) com-
ponents of link variables satisfy the so-called ad-
missibility conditions respectively, which ensure
the locality and smoothness of the Dirac operator
[4]. Then the space of the admissible SU(2)×U(1)
gauge fields is divided into the topological sec-
tors[10], each one is the product of a U(1) topo-
logical sector and an SU(2) topological sector.
Our approach to electroweak theory on the lat-
tice relies on the specific feature of the original
theory. In the vacuum sector of the U(1) gauge
fields where any configuration can be deformed
smoothly to the trivial one U(x, µ) = 1, we can
turn off the hypercharge gauge coupling. Then
the theory can be regarded as vector-like due to
the pseudo reality of SU(2). It is indeed possi-
ble to make the fermion measure defined glob-
ally in all topological sectors of SU(2) by the fol-
lowing choice of the basis for a pair of doublets
(a, b)[5,12]:
w
(a)
j (x) = uj(x), (3)
w
(b)
j (x) =
(
γ5C
−1 ⊗ iσ2
)
[uj(x)]
∗
, (4)
where Pˆ−uj(x) = uj(x). This fact implies the
cancellation of Witten’s SU(2) anomaly (cf. [11]).
2Given the basis for the SU(2) doublets defined
globally, one may try to extend the fermion mea-
sure to incorporate the U(1) gauge field following
the reconstruction theorem [6], as far as we con-
cern the vacuum sector of the U(1) gauge fields.
2. A choice of the fermion measure
According to the reconstruction theorem, the
first step to obtain the Weyl fermion measure is
to construct the measure term (ηµ ≡ δUµUµ
−1):
L = a4
∑
x
{
η(2)µ (x)j
(2)
µ (x) + η
(1)
µ (x)j
(1)
µ (x)
}
,
(5)
where j
(n)
µ (n = 2, 1) should satisfy the anoma-
lous conservation law and the integrability con-
dition, and should be defined smoothly over the
space of the gauge fields. This question can be
mapped to the equivalent local cohomology prob-
lem in the 4+2 dimensions. Two of the authors
have examined the cohomology problem for elec-
troweak theory and have shown that the currents
j
(n)
µ (n = 2, 1) with the desired properties can be
constructed in the infinite volume[13]. Then the
remaining issue is to obtain the currents j
(n)
µ (n =
2, 1) in the finite volume. The similar problem
has already been solved by Lu¨scher in the case
of abelian chiral gauge theories[5], and that pro-
cedure can actually be applied to the U(1) part
of the current j
(1)
µ in our case, if we regard the
SU(2) gauge field as a background. The resulted
current is local and smooth with respect to the
SU(2) gauge field and is invariant under the SU(2)
gauge transformation.
Given the smooth current j
(1)
µ (x) and the
“global” measure for U (2)⊗1 (the associatedWeyl
fermion basis {wj(x)}), we may consider a choice
of the fermion measure as follows: let us con-
sider a smooth curve in the space of the gauge
fields, along which the U(1) gauge field is inter-
polated from the trivial configuration U
(1)
0 = 1 to
a certain non-trivial configuration U
(1)
1 = U
(1)
in the vacuum sector, while the SU(2) gauge
field is fixed to an arbitrary configuration U (2)
in a given topological sector. Along the curve
{U (2)⊗U
(1)
t }0≤t≤1, we introduce the Wilson line
W (1) using j
(1)
µ , and the evolution operator Q
(1)
t
(0 ≤ t ≤ 1). Then we define a basis for U (2)⊗U
(1)
1
as follows:
vj =
{
Q
(1)
1 w1W
(1)−1 if j = 1
Q
(1)
1 wj otherwise.
(6)
We can check directly the local properties of
the fermion measure obtained from the basis (6),
by evaluating the measure term in the neighbor
of U (2) ⊗ U (1). We can see that both currents
j
(2)
µ and j
(1)
µ are obtained in this case and they
indeed satisfy the integrability condition and the
anomalous conservation law. Thus this choice of
the basis gives a consistent fermion measure at
least locally.
3. Global integrability for U(1) loops
For the fermion measure defined with the basis
(6) to be consistent globally, it is required that
the Wilson line W (1) should satisfy the global in-
tegrability condition
W (1) = det(1− P0 + P0Q
(1)
1 ) (7)
(Pt = Pˆ−|U(2)⊗U(1)t
) for all closed loops in the
space of the U(1) gauge fields with arbitrary
SU(2) gauge field fixed in the background. We
next examine this global integrability condition
in this section.
The admissible U(1) gauge fields in the vacuum
sector can be parametrized as
U (1)(x, µ) = Λ(x)w(x, µ)Λ(x + µˆ)−1, (8)
w(x, µ) = wµδx˜µ0, (9)
up to contractible components, where Λ(x) ∈
U(1), wµ ∈ U(1). There are two types of non-
trivial loops in the space of the U(1) gauge fields:
the first one is related to the gauge degrees of
freedom Λ(x) and referred as “gauge loops”, and
the second one is “non-gauge loops” related to
wµ. Then we should examine the global integra-
bility condition for such non-trivial loops while
the SU(2) gauge field is kept fixed.
For the gauge loops
U
(1)
t (x, µ) = Λt(x)Λt(x+ µˆ)
−1, (10)
Λt(x) = exp{2piitδx˜y˜}, (11)
3we can prove the global integrability in the sim-
ilar manner as abelian chiral gauge theories: we
set η
(1)
µ (x) = −∂µδx˜y˜, and η
(2)
µ (x) = 0, and then
the anomalous conservation law implies that the
Wilson loop is given by the U(1) part of the gauge
anomaly as
W = exp{i2piA(1)(y)t=0}. (12)
On the other hand, the twist (the determinant
on the r.h.s. of (7)) can be evaluated with the
formula (tk = k/n)
lim
n→∞
det (1− Pt0 + PtnPtn−1 · · ·Pt0) (13)
and Pt = R[Λt]P0R[Λt]
−1 to reproduce the r.h.s.
of (12). As we can see, this proof holds with any
SU(2) gauge field in the background.
For the non-gauge loops
U
(1)
t (x, µ) = exp{2piitδµνδx˜ν0}, (14)
we could prove the global integrability condition
by using the reflection property of the current j
(1)
µ
in the similar manner as abelian chiral gauge the-
ories:
j(1)µ (x)|t→1−t = −j
(1)
µ (−x+ Iˆ − µˆ), (15)
where the center of reflection is Iˆ/2 (Iˆ =
(1, 1, 1, 1)). With the SU(2) gauge field in the
background, however, we need to require that the
SU(2) gauge field should have the following reflec-
tion symmetry up to gauge transformation,
U (2)(−x+ Iˆ − µˆ, µ)−1 ∼= U (2)(x, µ). (16)
For this restricted class of the SU(2) gauge fields,
the Wilson line W (1) turns out to be unity, be-
cause of (15). On the other hand, the twist can be
evaluated to be unity, using the reflection prop-
erty of the projection operator: Pt = ΓP1−tΓ
−1
where Γψ(x) ≡ γ5ψ(−x).
The classical instantons mapped on to a suf-
ficiently large lattice (centered at Iˆ/2, the mid-
dle of the lattice sites) indeed possess such reflec-
tion invariance, as well as the trivial gauge field
U (2) = 1. It is conceivable that each topological
sector of the SU(2) gauge fields has such a reflec-
tion invariant configuration. So far, the global in-
tegrability condition for the non-gauge loops can
be shown only for these restricted SU(2) gauge
fields.
4. Discussions
Our approach to electroweak theory on the
lattice refers to the trivial U(1) configuration
U (1) = 1, for which the fermion measure can be
constructed globally in all topological sectors of
SU(2), and therefore is restricted to the vacuum
sector of the admissible U(1) gauge fields. It is
not clear yet that such a fermion measure exists
also in the U(1) magnetic flux sectors.
Our construction of the measure term is incom-
plete in the sense that the SU(2) part j
(2)
µ is not
constructed explicitly and it is not clear if j
(2)
µ
could be defined globally. The latter condition
seems to be equivalent to the global integrability
condition of j
(1)
µ for both gauge and non-gauge
loops with any SU(2) background. To show these
conditions, it seems necessary to clarify the topo-
logical structure of the space of the admissible
SU(2) gauge fields and to find the parametriza-
tion of the SU(2) link variables.
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